INTRODUCTION
The graphs which we consider here are finite, undirected, loopless and simple. Let Permutation graphs were first considered by Chartrand and Harary in [3] . Dorfler, in [5] and [6] , obtained some interesting results on automorphisms and isomorphisms of permutation graphs. Here, we shall consider a generalization of permutation graphs.
Let m be an integer ^2. X = (Vi,L?i) and o be a permutation on Vi is} where r = a for j an odd integer and 1 ^ j -^ m -1, and r = (j -1 (the inverse of <r) for j an even integer and 1 ^ j ^ m -1.
Example 2.
Let X be the following graph with 3 vertices:
and cr = (123). The permutation graph (X 2 , a) is the following graph with 6 vertices:
The generalized permutation graph (X 3 ,a) is the following graph with 9 vertices:
where a * = (132) is used. The adjacency matrix A = A(X) of X with the ordering ^11,^12,^13 and the permutation matrix P a corresponding to a are respectively:
and We order the vertices of (X 2 ,a) as vn,iIi2, ^13,^21, ^22, ^23-Then the adjacency matrix A(X 2 , a) is the following 6x6 matrix consisting of four 3x3 block matrices
\П A 2 )
where A\ = A 2 = A and Pl(= P a l ) is the transpose of P a . We also order the vertices of (X where Ai = A% = A 3 = A,P*(= P a l ) is the transpose of P a and each of the blank entries is a 3 x 3 block matrix with all entries being zero.
Here our purposes are:
1. Use an algebraic method to obtain some results on the isomorphisms and automorphisms of generalized permutation graphs. Some of our results are general izations of those in [5] and [6] . Our algebraic method depends on the Lemma A, on p. 480 in [1] which states: Let X and Y be graphs, o be a one-to-one map of V(X) onto V(Y), and P a be the permutation matrix corresponding to o. Then o is an isomorphism of X onto Y if and only if
On p. 489 in [1] , Corollary A.l states: Let X be a graph, o be a permutation of V(X), and P a be the permutation matrix corresponding to o. Then o is an automorphism of X if and only if
2. We shall use our results on isomorphisms and automorphisms to classify gener alized permutation star-graphs. .. star-graph with n + 1 vertices, n ^ 1, is a complete bipartite graph K(l, n) with n + 1 vertices having one vertex of degree n and each of the other n vertices of degree 1. In the Example 2 above, X is a star-graph K(l, 2).
3. We shall use our classification to determine the toughness of all generalized permutation star-graphs, i.e., to determine the toughness of ((K(l, n)) m , o) for every positive integer n, every integer ra ^ 2 and every permutation o in the symmetric group S n +i on n + 1 vertices. The toughnesss of a graph X, t(X), is defined as
where the minimum is taken over all disconnecting sets S of V(X), \S\ is the cardi nality of S, and w(X -S) is the number of components of the induced graph X -S.
(See [4] .) where A\ = A 2 = A3 = ... = A m = A, P a is the permutation matrix corresponding to a and Pft = P* if m is an odd integer, and P^ l = P~l = P a if m is an even integer.
Since a G G(X), by using (2), a~laa = JLL, and the isomorphism of the symmetric group S n on n vertices and the group of n x n permutation matrices, we have Thus, P a = P~lP a Pa and aa = aa.
•
Remark.
In our Corollary 1.1, if X and cr are given, how do we find a G G(X) such that a' = (a,a) G G(K,O), i.e., which a in G(X) such that acr = aa? The answer is that we have to find the centralizer ring, R((a)), of the cyclic group, (a), generated by a. Then take the intersection of G(X) and R((a)). In general, there are not "many" such permutations a, although the intersection is not empty. In [1] and [2] , there is an algorithm to find R(H) for any given permutation group H. R(H) is also a finite dimensional vector space over a field. The algorithm is to find a basis for the vector space. For instance, consider the Petersen graph (X, (1)(2453» where X is the 5-cycle with V(X) = {1,2,3,4,5}. Then G(X) is the dihedral group generated by (12345) and (1) Consequently, G(X) n #(((1)(2453)» consists of the identity and (1)(25)(34) per mutations. We know that the group of automorphisms of the Petersen graph is isomorphic to 5s on 10 points. (See [7] ). Lemma 2. Let X be a graph with n vertices, G(X) be the group of automor phisms of X, and S n be the symmetric group on n vertices. (3'(vjt) = e(vj t ) = v jt for t = 1,2,. ..,n and j being even and 2 ^ j ^ m, and /3'(v it ) = vu if and only if P(v u ) = vi s for t = 1,2,..., n and j being odd and 2 < j ^ m. Then /3' is a permutation of V(X m , a). Let P £ = I n be the n x n identity matrix. Since a = PfJ^Pp P a --°p, and
where (2) is used. By (1) 
Theorem 2. The number of nonisomorphic classes of generalized permutation star-graphs with n + 1 vertices is 2 for each integer
for each integer n ^ 2 and for each integer m ^ 2.
Proof. For n ^ 2, let X = K(l,n) be a star-graph with V(K(l,n)) = {vn,vi2,... ,vi n +i} where the degree of v\\ is n, and the degree of vu is 1 for i = 2,3,... ,n + 1. Clearly, G(K(l,n)) is {cr £ S n +i; O('vii) = i>n} of order n!, and it is,isomorphic to S n . The number of right cosets of G(K(l,n)) in S n +i is n + 1.
We claim that these n + 1 right cosets of G(K(l,n)) in S n +i can be represented as
i.e., they are pairwise disjoint, and
Then there exist a and 0 in G(I_~(l,n)) such that a = a(li) and cr = fi(lj). If a(i) = fc and /3(j) = #, then a = (lifc...) and a = (ljg...). Since i ^ j, this is a contradiction, and
.. ,n + 1, and i ^ j. Since each coset contains n! permutations in S n +i,
S n+1 =G(K(l,n))u\J(G(K(l,n))(li))
П+l u< ż=2 It follows from Lemma 2 (a) that for any two permutations Oi, a 2 in the same right coset, the generalized permutation graphs ((K(l,n)) m , Or) and ((I_"(l,n)) m ,O2) are isomorphic.
We claim that for any permutation (li), i = 3,4,... ,n + 1, the generalized per mutation star-graphs
) are isomorphic. Since (23... (n + 1)) eG(X) and
) are isomorphic for i = 3,4,...,n + l.
We show that for the permutation (12) and the identity permutation e in S n +i, the generalized permutation star-graphs
is of even length. But in ((K(l,n)) m , (12)), the cycle t>n -t>22 -^2i -?I23 -U13 -^n -s of length 5. Thus,
) are not isomorphic, and the number of nonisomorphic classes of generalized permutation star-graphs with n + 1 vertices is 2 for each integer n ^ 2 and for each integer m ^ 2.
THE TOUGHNESS
We shall determine the toughness of((If (l,n)) m ,cr) for every positive integer n, every integer m ^ 2 and every permutation a in the symmetric group 5 n +i on n + 1 vertices. By using our classification, we only need to consider the toughness of ((If (l,n)) m ,e) and the toughness of ((i\T(l,n)) m , (12)) for every positive integer n and every integer m ^ 2. 
In order to prove Theorem 3, we need the following lemmas. Thus, in any case, we have
) -1 UJ((X™,S) -S)
where Lemma 3 is used, i.e., £(X m ,€:) = ^((x^L-g) < 1 is used. That is a contradiction to S e F(X 7n ,e).
Case 1.2. V(t+i)i E 5»+i.. We claim that none of ^(t+i)j E 5i+i for j = 2,3,..., n + 1. Suppose the contrary, i.e., f(i+i)j E 5i+i for some j E {2,3,...,n + 1}. By using the same reasoning as in the Case 1. 
) -S") u((X™,e) -S)-l u>((X m ,e) -S)
That is a contradiction to S G F(X rn ,e).
By the Case 1.1 and the Case 1.2, we know that S t+ i = <p, i.e., the case S; = <p and S t+ i T--(^, 1-^i^m -1, does not exist.
Case 2. Si = p and S;_i 7-<p for 2 ^ i ^ m. Case 2.1. iI(;_i)i ^ S;_i. Similar to the proof of the Case 1.1, we know that none of V(i-i)j G Si-i for j = 2,3,..., n + 1.
Case 2.2. t?(i_i)i G S;_i. Similar to the proof of the Case 1.2, we know that it is impossible, i.e., S;_i = <p.
By the Case 2.1 and the Case 2.2, we know that S;_i = (p, i.e., the case Si = <p and S;_i 7--<p for 2 -^ i ^ m does not exist.
Since 
u>((X™,e) -S') =u>((X™,e) -S) -1.
If there is no such a component C, then 
Thus > u,«x™\U))-S') ^ u,((x-!i2))-S)-i < .((xAtk)-s)
where Lemma 4 is used ' i.e., r(X m , (12) 
We claim that (tk q )+(m-j) . By using ki $C n, kj ^ n, fc r ( r +i) ^ k r -^ n and k r ( r +i) ^ k r +i ^ n for r = 1,2,... ,j -1, we have
[
jn + (m-j)]
Hence,
(tk P )+(m-j)
Ч p=l 7 ,J-1 > fcl + ( £ *V(r+l)J +*i+j V r=l 7 We claim that, for 3 ^ n ^ m + 1,
We show that f(j) is decreasing for all integers j ^ 0, (j + l)n + j -•£•> /0 + 1) > f(j) for all integers j ^ 0. By using n ^ m + 1, we have
for all integers j ^ 0.
i.e., the inequality (7) holds, and by (5), (6) and (7), we have
151

>
We claim that, for n ^ m + 2 for 3 ^ n ^ m + 1 and m ^ 2.
hold for all integers j ^ 0.
Clearly, if j = 0, then (8) is an equality. Since n ^ m + 2, we have (ii) For n = 2, m even and m ^ 2, we have X = IT (1, 2) , and (X m ,e) is the following graph: 
